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Abstract: We theoretically investigate a scheme to obtain sub-diffraction-
limited resolution in coherent anti-Stokes Raman scattering (CARS) 
microscopy. We find using density matrix calculations that the rise of 
vibrational (Raman) coherence can be strongly suppressed, and thereby the 
emission of CARS signals can be significantly reduced, when pre-
populating the corresponding vibrational state through an incoherent 
process. The effectiveness of pre-populating the vibrational state of interest 
is investigated by considering the excitation of a neighbouring vibrational 
(control) state through an intense, mid-infrared control laser. We observe 
that, similar to the processes employed in stimulated emission depletion 
microscopy, the CARS signal exhibits saturation behaviour if the transition 
rate between the vibrational and the control state is large. Our approach 
opens up the possibility of achieving chemically selectivity sub-diffraction-
limited spatially resolved imaging. 
© 2009 Optical Society of America 
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1. Introduction 
Optical microscopy is the workhorse of biology, providing high contrast images, often in real 
time, of biological processes at sub-cellular distance scales. Ultimately, it is desirable to 
observe interactions at the single molecule or even single functional group level. This requires 
resolution in the nanometer range, which is well beyond the resolution of standard confocal 
microscopy. 
Near-field techniques, such as scanning near-field optical microscopy (SNOM) [1], have 
been shown to provide sub-diffraction-limited resolution images. However, these require an 
optical aperture, usually in the form of a tapered fiber, be placed within a few tens of 
nanometers of the region of interest, which typically limits the technique to surface mapping. 
Recently, far-field sub-diffraction-limited resolution has been achieved by a few imaging 
techniques, such as: stimulated emission depletion (STED) microscopy [2, 3], photoactivated 
localization microscopy (PALM) [4], and stochastic optical reconstruction microscopy 
(STORM) [5, 6]. In the latter method the build up of photon counting statistics is used to 
compute emitter locations within the diffraction limited spot. STORM therefore requires an 
extended time to construct an image. Furthermore, STORM requires rather specialized 
fluorescent labels [7]. 
The STED technique requires fluorescent labels as well but exploits their saturable light 
emission; an excited state, generated by a light field, is partly depleted by an additional light 
field that causes stimulated emission from that state. Thereby the amount of spontaneous 
fluorescence is suppressed. If the additional light field possesses a node at its centre, the 
fluorescence process is suppressed except for a small volume around the node where the 
intensity is lower than the saturation intensity of the fluorescent label. Thus, resolution can be 
increased by increasing the intensity of the additional laser beam. Recent results show that 
STED can provide images with a lateral resolution of 6 nm in solids [8] or 33 nm in liquids 
[9]. 
#113570 - $15.00 USD Received 1 Jul 2009; revised 17 Sep 2009; accepted 9 Nov 2009; published 25 Nov 2009
(C) 2009 OSA 7 December 2009 / Vol. 17,  No. 25 / OPTICS EXPRESS  22633
A disadvantage of fluorescence microscopy techniques is that labels have to be introduced 
to the cell. The labels may influence metabolic processes in the cell, or perhaps lead to 
cytotoxicity [10, 11]. Furthermore, they may not attach to the correct molecule or functional 
group of interest [12]. There is, therefore, great interest in developing new label-free imaging 
techniques. 
Label-free imaging modalities, such as CARS microscopy [13, 14], Stimulated Raman 
Scattering (SRS) microscopy [15], second harmonic generation microscopy and third 
harmonic generation microscopy, have demonstrated high contrast levels and video rate 
image acquisition times [16]. However, current implementations are unable to achieve sub-
diffraction-limited lateral resolution. Unlike the STORM process, which relies on switchable 
fluorophores, there are no labels to be switched on or off and, unlike STED, there is no 
excited state to be selectively depopulated. Recently it was shown that the CARS emission 
can be suppressed through an interference technique [17], however, due to the linear nature of 
interference, this cannot be used to obtain sub-diffraction-limited resolution. This leads in to 
an important point: sub-diffraction-limited resolution requires nonlinearity in the optical 
emission process. For instance, STED works because spontaneous emission is reduced by the 
additional light field in a nonlinear way, which is provided by the saturation process. 
To introduce sub-diffraction-limited resolution to CARS, a similar nonlinear saturation 
process must be identified. However, this appears to be difficult because the physical process 
does not involve any population inversion. A more promising approach could lie in 
manipulating the coherence between the ground state and the vibrational state (the so-called 
vibrational coherence), the presence of which is necessary for CARS emission. The analogy 
between CARS and STED would lie within a nonlinear process that reduces the vibrational 
coherence in a saturable process. 
Instead of coupled-wave equations [17], we use a density matrix approach [18] to model 
the CARS emission process, because this traces the excitation separately from coherences, 
which can then be used to find intensity dependent effects, like saturation. We consider 
CARS emission in a configuration where two vibrational states are coupled and used to 
selectively inhibit CARS emission. For this situation we identified a mechanism that should 
enable sub-diffraction-limited resolution CARS: incoherently populating the CARS 
vibrational state suppresses the build-up of the vibrational coherence and reduces the CARS 
emission. This pre-population process is saturable and results in system behavior that is 
analogous to STED. 
2. Theoretical framework 
The level scheme of the medium and the driving light fields used in our calculations are 
shown in Fig. 1. The four-level system contains a ground state (|1〉), a vibrational state (|2〉), 
an excited state (|3〉) and a control state (|4〉). Transitions between the ground and excited 
states, the vibrational and excited states as well as the ground and control states are dipole 
allowed, while all other transitions are dipole forbidden. 
First let us recall the standard description of a CARS process. The medium is illuminated 
by a set of three pulsed laser fields with frequencies ωp, ωS, ωpr, called the pump, Stokes and 
probe, respectively. All fields are far detuned from the |1〉 - |3〉 and |2〉 - |3〉 transition 
frequencies. The pump and Stokes lasers are tuned such that there is a two-photon resonance 
between levels |1〉 and |2〉, through which |2〉 is populated. The population difference between 
the states |1〉 and |2〉 in combination with the pump and Stokes fields builds up the vibrational 
coherence. This coherence then induces two optical sidebands on the probe light frequency, 
one of which is the CARS emission frequency (ωcars = ωp - ωS + ωpr). The laser fields ωp and 
ωpr can be degenerate in frequency. However, for clarity, we use two different laser fields for 
ωp and ωpr. 
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To understand how the additional laser (called the control laser ωctrl), resonant with the |1〉 
- |4〉 transition, influences CARS emission, we calculate the dynamics of the envelopes of the 
density matrix elements with the Liouville equation [19] [ ] ( )/   / , ij ijd dt i Hρ ρ ρ=− − Γℏ  (see 
Eqs. (1-10) in the appendix for the full list of density matrix equations). The Hamiltonian, H 
(in dipole approximation), contains the pump, probe and Stokes laser fields, plus the control 
laser, with frequency ωctrl, chosen to be resonant with the |1〉 - |4〉 transition. We study the 
following general case (described in section 3): the incoherent population exchange rate 
between levels |4〉 and |2〉 is considered to be high (0.1 THz), resulting in an equal distribution 
of population between those two levels. Although this case seems to be special, the 
vibrational modes of complex organic molecules often cross-relax on a relatively short time 
scale [20] and therefore meet the conditions. Furthermore, we have included the effect of 
additional vibrational states and found that a part of the total population is transferred to these 
additional states, which reduces the total amount of population involved in the CARS process. 
However, this only affects the main result insofar that it introduces a secondary suppression 
of the CARS process. 
 
Fig. 1. Energy level diagram for CARS extended with an additional level |4〉. Level |1〉 is the 
ground level and initially fully occupied, |2〉 is a vibrational level of the medium, |3〉 is the 
excited level and level |4〉 the control level which has a fast population exchange with level |2〉. 
The vertical arrows between levels indicate possible transitions induced by the corresponding 
laser fields, which are shown far detuned from the transition |1〉 - |3〉 (ωp, ωS and ωpr), or on 
resonance with the transition |1〉 - |4〉 (ωctrl). Through the nonlinear process the medium obtains 
a polarization at the additional ωcars frequency, which is radiated by the medium. 
The incident light fields Eij are the sum of the pulse envelopes from the pump, Stokes, 
probe, and control light fields. ( ) iji tij nnE A t e
∆
=∑ where n = {p, S, pr, ctrl}. An(t) is the 
Gaussian shaped pulse envelope, ∆ij = ωn-ωij, with ωij being the transition frequency. We have 
assumed that there is no temporal delay between the light pulses of the pump, probe and 
Stokes fields. In order to prepare the state of the medium, the control pulse arrives and 
terminates before the onset of the other pulses. 
The off-diagonal density matrix elements ρ14(t), ρ24(t), ρ13(t) and ρ23(t) act as the source 
terms of radiation in the Maxwell equations [18]. We obtain the full temporal development of 
these elements by multiplying the envelopes ρij(t) with their respective transition frequencies. The 
Fourier transform of this provides the spectrum of the emitted radiation. 
We choose energy levels, detunings and pulse durations that are typical for CARS 
emission processes from molecules (specifically, we do not choose values for a particular 
molecule so that our results are quite general) and in view of the complexity of the system, we 
use numerical solutions (fourth-order Runge-Kutta algorithm with a fixed step size). The |1〉 - 
|3〉 transition frequency is set to 1000 THz (~300 nm, ~33,000 cm−1), and the |1〉 - |2〉 
frequency to 47 THz (6.4 µm or 1550 cm−1). Likewise, we choose a |1〉 - |4〉 transition 
frequency of 97 THz (3.1 µm or 3200 cm−1), which is close enough to |2〉 to allow for a high 
nonradiative population transfer rate of 0.1 THz. The detuning for the pump, ∆p, and Stokes, 
∆S, light fields from the |1〉 - |3〉 and |2〉 - |3〉 transition, respectively, are both taken as −353 
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THz to provide two-photon resonance with the |1〉 - |2〉 transition. The detuning for the probe 
∆pr is taken as −200 THz on the |1〉 - |3〉 transition. To allow for coherent population transfer 
between |1〉 and |2〉, the total lifetime of state |3〉 is taken to be in the order of picoseconds, the 
lifetime of |2〉 and |4〉 is taken to be in the order of nanoseconds, while the coherence lifetimes 
between states is of the order of picoseconds (see e.g., refs [21–23].). All the laser pulse 
durations τ are set to 2 ps (1/e2) except for the control pulse, which is set to 35 ps and arrives 
60 ps in advance. The simulations extend over 100 ps in steps of 2.5 attoseconds. 
First, the stability and accuracy of the numerical solutions were confirmed by reproducing 
well-known results (see Fig. 2) such as the various Raman shifted and Rayleigh scattered 
fields. The population dynamics found in these initial simulations confirm that the two-
photon resonance of the pump and Stokes light fields generates vibrational coherence, which 
radiates CARS emission as a sideband of the probe field. The nature of this process also 
indicates how to suppress CARS emission: if the system is prepared with equal initial 
populations in the |1〉 and |2〉 states, this will suppress the build-up of coherence on that 
transition, thus preventing CARS emission as well. In this approach, it is the purpose of the 
control laser to achieve this by first populating state |4〉, which is chosen such that |2〉 is 
rapidly populated via non-radiative mechanisms, before the arrival of the pump, Stokes, and 
probe pulses. 
 
Fig. 2. Calculated emission spectrum. The features are (a) the Stokes shifted field of ωS, (b,c,f) 
Rayleigh scattering of ωS, ωp and ωpr, respectively, (d) the anti-Stokes shifted field of ωp, (e) 
Coherent-Stokes-Raman scattering (CSRS) and (g) Coherent Anti-Stokes Raman Scattering 
(CARS) of ωpr. 
3. Results and discussion 
In this section, we discuss how the intensity of the control pulse modifies the CARS emission 
intensity. This control pulse populates |4〉 to a density that is related to the energy of the pulse 
as can be seen in Fig. 3a. Due to the fast redistribution between |4〉 and |2〉, the population 
density of |2〉 closely follows that of |4〉. This process saturates for a critical pulse area [24], 
given in terms of the maximal Rabi frequency multiplied by the pulse duration, which is 
about 100 radians in the displayed case. The preparation of the medium by the pre-pulse 
frustrates the build up of ρ12, thus suppressing CARS emission, as can be seen in Fig. 3b. 
These calculations show that CARS emission can be suppressed to a maximum of 99.8% 
compared to the normal intensity of CARS emission. Furthermore, we observed that the 
intensity of all other non-linear emission processes (Fig. 2, peaks (a), (d) and (e)) are similarly 
suppressed. 
We found that the saturation intensity, which we define as the intensity of the control 
beam at which the CARS signal drops to one half of its maximum value [25], corresponds to 
a 25% reduction of the ground state population density achieved by the control pulse prior to 
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the CARS process. For comparison with required values for the absolute intensities, a ground 
state depletion of 50% and population inversion of vibrational states of a liquid biological 
sample has been demonstrated by Ventalon et al. [26], through direct excitation by a mid-IR 
laser. Considering the reported pulse duration, pulse energy, and the bandwidths of the 
vibrational states, we estimate that the populations of their ground state and first vibrational 
state become equalized at intensities in the order of 70 GW/cm2 during a 100 fs pulse. 
However, it should be noted that the pulse area of the control laser is more important than the 
intensity, thus, in our calculations, where a 35 ps pulse duration is considered, the intensity is 
just 200 MW/cm2. This is well below the threshold for multiphoton ionization and excitation 
in the mid-infrared. A considerable advantage of this excitation scheme is that the molecule 
remains in its electronic ground state. 
 
Fig. 3a. Typical population densities after application of the control pulse. For large pulse 
areas, a significant fraction of the ground state population is transferred to |4〉 and, via non-
radiative transitions, to |2〉. Figure 3b. vibrational coherence ρ12 (grey) and corresponding 
intensity of CARS emission (black) after application of the control pulse. The vibrational 
coherence is suppressed and CARS emission is saturated by the control pulse beyond a pulse 
area of ~100 radians. 
The resolution can be estimated by considering an experimental setup wherein the control 
laser illuminates the sample with a donut mode, focused to a diffraction-limited spot. The 
CARS signal from the node with an area defined by where the control laser’s intensity is 
lower than the saturation intensity is not suppressed. Emission from outside the node is 
suppressed by 99.8%. The resolution can then be considered to be defined by the radius of the 
node when the signal contribution from within the node is greater than the signal contribution 
from outside the node. From our numerical results, we derive an upper limit to the improved 
resolution of approximately λ/(22*NA) where NA is the numerical aperture of the imaging 
system and λ is the wavelength of the probe beam. 
We conclude from our calculations that sub-diffraction-limited resolution images can be 
obtained by extending the standard CARS microscopy setup with a control laser beam with a 
node at its center (a donut shaped beam), resonant with the |1〉 - |4〉 transition and with an 
intensity above the saturation level of the vibrational transition of interest. Then, the node at 
the center leaves the CARS process unaffected in a sub-diffraction-limited space around the 
center of the common focus, whereas CARS emission from that area outside the node is 
suppressed. The measured CARS signal is then attributed to this sub-diffraction-limited 
region, where the intensity is less than the saturation intensity. 
4. Conclusion 
We have demonstrated a route to obtain sub-diffraction-limited resolution in CARS 
microscopy, for which we have presented density matrix calculations for a four-level system. 
An intense control laser beam can be used to suppress CARS emission, when the control laser 
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pre-populates an additional vibrational state that is non-radiatively coupled to the vibrational 
state and probed by the CARS process. For neighboring vibrational states that are coupled 
with high transitional probabilities, as can routinely be found for aqueous biological samples, 
a saturation process analogous to that of STED is observed. Our calculations, based on typical 
parameters for molecular transitions used in CARS microscopy, showed that high saturation 
levels of up to 99.8% could be obtained, which provides an upper limit on the improved 
resolution of ~λ/(22*NA) of the probe beam. The required intensities for the control beam, 
which depend on the pulse area, span a range from 200 MW/cm2 through to 100 GW/cm2, 
depending on the pulse duration, seem tolerable because the molecules remain in their 
electronic ground state. 
5. Appendix 
The differential equations of all density matrix elements are: 
 ( )* * * *11 13 13 13 13 14 14 14 14 22 21 33 31 44 412
i R R Rρ χ ρ χ ρ χ ρ χ ρ ρ ρ ρ= − − + − + + +ɺ  (1) 
 ( )* * * *22 23 23 23 23 24 24 24 24 33 32 44 41 22 24 22 212
i R R R Rρ χ ρ χ ρ χ ρ χ ρ ρ ρ ρ ρ= − − + − + + − −ɺ  (2) 
 ( ) ( )* * * *33 13 13 13 13 23 23 23 23 31 32 34 332
i R R Rρ χ ρ χ ρ χ ρ χ ρ ρ= − + − − + +ɺ  (3) 
 ( )* * * *44 14 14 14 14 24 24 24 24 33 34 44 41 44 42 22 242
i R R R Rρ χ ρ χ ρ χ ρ χ ρ ρ ρ ρ ρ= − + − + − − +ɺ  (4) 
 ( )* * * *12 13 23 23 13 14 24 24 14 12 122
i
ρ χ ρ χ ρ χ ρ χ ρ ρ= − + − −Γɺ  (5) 
 ( )( )* * * *13 13 33 11 14 34 23 12 13 132
i
ρ χ ρ ρ χ ρ χ ρ ρ= − + − −Γɺ  (6) 
 ( )( )* * *14 14 44 11 13 34 24 12 14 142
i
ρ χ ρ ρ χ ρ χ ρ ρ= − + − −Γɺ  (7) 
 ( )( )* * * * *23 23 33 22 24 34 13 12 23 232
i
ρ χ ρ ρ χ ρ χ ρ ρ= − + − −Γɺ  (8) 
 ( )( )* * * *24 24 44 22 23 34 14 12 24 242
i
ρ χ ρ ρ χ ρ χ ρ ρ= − + − −Γɺ  (9) 
 ( )* * * *34 13 14 23 24 14 13 24 23 34 342
i
ρ χ ρ χ ρ χ ρ χ ρ ρ= + − − −Γɺ  (10) 
With Rij being the decay rate through spontaneous emission from state i to j and Γij the 
decoherence rate between states i and j. 
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